k is a squarefree integer and k ≥ 2, and we proved that the number R(y) of representation of a monic polynomial
Introduction
Hayes [3] , in 1965, showed that Goldbach's conjecture is considerably simpler for polynomials with integer coefficients. In fact, he proved the following result: In a recent note, Saidak [9] , improving on a result of Hayes, and gave Chebyshevtype estimates for the number R(y) = R f (y) of representations of the monic polynomial f (x) ∈ Z[x] of degree d > 1 as a sum of two irreducible monics g(x) and h(x) in Z [x] , with the coefficients of g(x) and h(x) bounded in absolute value by y.
Here, we do not distinguish the sum g(x) + h(x) from h(x) + g(x), and whenever we write that a monic polynomial p(x) ∈ Z[x] is "irreducible", we mean irreducible over Q. Saidak's argument with slight modifications gives that, for y sufficiently large,
where c 1 and c 2 are constants that depend of the degree and the coefficients of the polynomial f (x). More recently, Kozek [4] gave a proof that the number R(y) is asymptotic to
Your approach implies that there is a constant c 3 depending only on d such that if y is sufficiently large, then
In 2011, Dubickas [1] proved a more general result for the number of representations of f by the sum of r monic irreducible (over Q) integer polynomials f 1 , f 2 , ..., f r of height at most y, i.e.,
and, for r = 2, Dubickas proved that
for d = 3, and
Moreover, for each d ≥ 4, the error term in (1.1) is best possible for some f . Not that this results improve the error term proved by Kozek [4] . In 2013, Dubickas [2] proved a necessary and sufficient condition on the list of nonzero integers u 1 , . . . , u r , r ≥ 2, under which a monic polynomial
We say that D satisfies the property (GC) if When D = Z, we have the Hayes's theorem. Pollack [8] , proved the following results:
Proposition 2. Suppose that D is an integral domain which is Noetherian and has infinitely many maximal ideals. Then D has property (GC).
has property (GC).
Following the results of Hayes and Pollack with
, where θ satisfies the properties described in the Lemma 1 below, and following the ideas of Kozek [4] we will prove that the number R(y) of representation of a monic polynomial
, with the coefficients of g(x) and h(x) bounded in complex modulus by y, is asymptotic to (4y) 2d−2 .
Preliminares Results
Some well known facts are below. Let
These expressions H(f ) and M (f ) will be known as height and Mahler's measure (see [6, 7] ). Mahler showed that for 0
An important property of Mahler measure was proved by Landau in [5] . Landau showed that
Then
Moreover,
The last inequality follows from the fact that M (f ) is multiplicative and from the inequality (2.1) for a(x) and b(x), this is,
. Using what has been discussed above we prove the following result.
where k is a squarefree integer and k ≥ 2. Let a(x) and f (x) take the form
Then for 0 ≤ l ≤ m, a l satisfies
Proof. First, we observe that |r + sθ| ≥ 1 2 , for any θ above and r, s ∈ Z. Actually,
,
. Now, using the inequality (2.2) follows that where m + n = d. We write a(x) and b(x) in the following forms:
The number of monic polynomials we are considering with g 0 = 0 is O d,k (y 2d−4 ). Indeed, denoting by g j = g j,1 + i √ kg j,2 and as |g i | ≤ y we have that |g j | = g 2 j,1 + kg 2 j,2 ≤ y. Therefore, the number of possibilities for g j is bounded by (2.5) (2y + 1)(2
with the sum having y terms, this is, the term (2. We consider a(x) which has degree m ≤ d − 1. A similar argument applies to b(x). For 1 ≤ l ≤ m − 1, Lemma 1 implies
where C d depends only d. Thus, the number of (d − 4)-tuples
Observe that when we multiply a(x) and b(x), since they are both monic polynomials, the value the coefficient g d−1 is the sum a m−1 + b n−1 . Also, recall that g d−1 is fixed, so determining a m−1 also determines b n−1 . Hence, the number of 2-tuples
Thus, the number of 2-tuples (a 0 , b 0 ) is bounded by 
of degrees m, n ≥ 1 such that g(x) = a(x)b(x) and the coefficients of g(x) are bounded in absolute value by y, as y −→ ∞ is:
as the constants depend only on d.
Remark 4. If we substitute (2.4) by
where k ≥ 2 is a squarefree integer and we consider Z[θ] with the usual norm induced by Q, our argument can not be applied because, for y large enough, there are endless possibilities for g j = g j,1 + √ kg j,2 with g j,1 , g j,2 ∈ Z and satisfying |g i | ≤ y. Therefore, we could not get the limitation (2.5). where we have used that any constant depending only on the coefficients and degree of f (x) is small compared to ln y when y is sufficiently large. Therefore, R(y) ∼ (4y) 2d−2 .
